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Abstract

An optimization model considering a novel thermal performance index to be the objective function is proposed for minimizing the
highest temperature in this paper. Firstly, the performance of the conventional heat conduction optimization model, with the dissipation
of heat transport potential capacity as the objective function, is evaluated by a one-dimensional heat conduction problem in a planar
plate exchanger. Then, a new thermal performance index, named the geometric average temperature, is introduced. The new heat con-
duction optimization model, with the geometric average temperature as the objective function, is developed and the corresponding finite
element formula is presented. The results show that the geometric average temperature is an ideal thermal performance index and the
solution of the new model is close to the theoretical optimal solution.
� 2008 National Natural Science Foundation of China and Chinese Academy of Sciences. Published by Elsevier Limited and Science in

China Press. All rights reserved.
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1. Introduction

The progress toward smaller scales in electronics makes
the cooling of the integrate circuits become an important
issue. The conventional convective cooling method which
is feasible and is often used to control the temperature of
a system becomes impractical because the channels of heat
transfer take up too much space for high compacted inte-
grate circuit. Hence, it is necessary to build heat conduction
structures with high-conductivity materials so that the heat
can be collected, transferred and exchanged with external
environment automatically and rapidly [1,2]. A key prob-
lem is how to design the structures with a rational distribu-
tion of high-conductivity materials, which not only benefits
the temperature control but also can reduce material and
manufacturing costs and bring possibilities for further
miniaturization.

Designs of the optimal heat conduction structure have
attracted much attention and many achievements have
been made [1–24], including mathematical models and the
corresponding solving methods. For example, Bejan et al.
put forward a tree-like network construction method based
on the constructal theory [1–8]. Guo et al. proposed some
practical design criteria and developed the corresponding
optimization methods for the heat conduction structure
based on the least dissipation principle of heat transport
potential capacity [9–15]. The topology optimization
method has also been applied for the heat conduction
structural optimization [16–22]. In all these cases, the nat-
ure of optimization design for the heat conduction struc-
tures is to build a mathematical model that maximizes or
minimizes an objective function (e.g. the thermal perfor-
mance index) subjected to certain constraints. Thus, it is
a key to define a suitable thermal performance index in
such an optimization model.

Statistical data show that the failure of the real devices
with a fraction of 55% is caused by the high temperature,
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and this fraction increases exponentially with the increasing
temperature [25,26]. Thus, the highest temperature is a pri-
mary factor that induces the failure of practical cooling
structure and should be well controlled. In practice, it is
natural to define the highest temperature as an objective
function of the optimization model. However, the location
of the highest temperature usually changes with the change
of material distribution in the optimization process and is a
discontinuous function of the design variables, which may
introduce numerical difficulties in optimization. Therefore,
instead of a directing optimization of the highest tempera-
ture, it is more convenient to define another proper thermal
performance index as the objective function in an optimiza-
tion model to indirectly accomplish the goal of minimizing
the highest temperature.

In the optimization model of a heat conduction struc-
ture, the objective function can be selected as

f ðXÞ ¼
Z

X

1

2
ð�qðXÞrT ðXÞÞdX ð1Þ

where X is the design variable used to describe the distribu-
tion of material, q(X) is the flux density and rT ðXÞ is the
temperature gradient. Using the finite element formulation,
Eq. (1) can also be written as

f ðXÞ ¼ TTKðXÞT ð2Þ
where T is the global temperature vector and K(X) is the
thermal conductivity matrix. Generally, Eq. (1) is defined
as the dissipation of heat transport potential capacity
(DHTPC) [11], and the least dissipation principle of heat
transport potential capacity is presented based on this def-
inition; Eq. (2) is defined as the heat dissipation efficiency
[17,18], which is the objective function of the heat conduc-
tion topology optimization.

Using the DHTPC (or the heat dissipation efficiency) as
a thermal performance index, some good design results
have been obtained. However, this index can only tell us
the heat dissipative capability rather than the highest tem-
perature. How big the difference between the optimal
design by the optimization model with DHTPC and the
present design that is for minimizing the highest tempera-
ture? Is there any better thermal performance index?
Answers to these questions are the motivation of this study.

In this paper, the difference between the DHTPC and
the present design goal is evaluated by a one-dimensional
heat conduction problem for a planar plate exchanger.
The geometric average temperature (GAT) is proposed as
a new thermal performance index and the corresponding
heat conduction optimization model is developed.

2. Heat conduction optimization of the planar plate

exchanger

In many practical cooling structures, a commonly used
design criterion is that the highest temperature must not
exceed a specified value. However, the optimization objec-
tive in many existing heat conduction optimization models

is the DHTPC. To evaluate the quality of these exciting
models, we compared their results with those obtained
from an optimization model with the highest temperature
as the objective function. For simplicity, the presented
example is a one-dimensional heat conduction problem
for a planar plate, which can be solved analytically.

2.1. Problem description

A rectangular planar plate exchanger, with length l,

width W (W >> l) and thickness t, is embedded in the hea-
ter. The heat generated by a heater flows into the exchanger
uniformly. The heat flowing into the exchanger is q00 per
unit time and area. Only one side along the width direction
of the exchanger contacts with a thermostat with a con-
stant temperature T0 and others are adiabatic. This prob-
lem can be described as a planar heat conduction model
with a uniform heat source, as shown in Fig. 1. Further-
more, this model can be simplified into a one-dimensional
heat transfer problem because the thickness t and the inter-
nal heat source q00 do not change along the width direction.
The goal is to obtain the optimal heat conduction perfor-
mance by designing the thickness t along the length direc-
tion of the exchanger.

Since the thermal conductivity is proportional to the
thickness t, the thickness design can be transformed into
the conductivity field design. That is to say, the limitation
of material,

R l
0

tðxÞW dx ¼ const, can be written as the capa-
bility of conductivity,

R l
0

kðxÞdx ¼ K0, where K0 is a con-
stant. The governing equation of the heat conduction in
the exchanger can be described as

qðxÞ ¼ �kðxÞ dT
dx ;

dq
dx þ q00 ¼ 0; 0 < x < l

T ðx ¼ 0Þ ¼ T 0; qðx ¼ lÞ ¼ 0
ð3Þ

where k(x) is the thermal conductivity, q(x) is the heat flux
density and T(x) is the temperature. In addition, the heat
flux is assumed to be positive along the x direction. Solving
(3), we can obtain

q ¼ � q00ðl� xÞ;

T ðxÞ ¼ T 0 þ
Z x

0

rT dx ¼ T 0 þ q00
Z x

0

ðl� xÞ=kðxÞdx ð4Þ

Fig. 1. A theoretical model of a planar plate exchanger.
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Then, the optimization design for the exchanger is to deter-
mine the optimal heat conduction performance by design-
ing the conductivity field under a given integral of the
thermal conductivity (or material volume) over the design
domain. Let f(k) denote a thermal performance index.
The heat conduction optimization problem can be formu-
lated as

Find : kðxÞ
min : f ðkÞ

s:t: :

Z l

0

kðxÞdx ¼ K0

ð5Þ

Using the Lagrange multiplier method, the solution of the
thermal conductivity field can be determined by

dkðf ðkÞÞ þ k
Z l

0

dkdx ¼ 0; dk
Z l

0

kdx� K0

� �
¼ 0 ð6Þ

2.2. Minimization of the highest temperature

According to the heat conduction theory, the highest
temperature is located on the boundary of x = l and can
be written as

T maxðkÞ ¼ T 0 þ q00
Z l

0

ðl� xÞ=kðxÞdx ð7Þ

Substituting Eq. (7) into Eq. (6), we haveZ l

0

�q00ðl� xÞ=k2ðxÞ þ k
� �

dkðxÞdx ¼ 0;

Z l

0

kdx ¼ K0

ð8Þ
The optimal thermal conductivity field kT maxðxÞ can be ob-
tained by solving Eq. (8), which is

kT maxðxÞ ¼
3K0

2l3=2
ðl� xÞ1=2 ð9Þ

and the corresponding temperature distribution is

T T maxðxÞ ¼ T 0 þ
4q00l3=2

9K0

ðl3=2 � ðl� xÞ3=2Þ ð10Þ

Introducing a dimensionless parameter

~x ¼ x=l ð11Þ

the conductivity field and the temperature distribution can
be expressed in the dimensionless space as

~kT maxð~xÞ ¼
kðxÞ
K0=l

¼ 3ð1� ~xÞ1=2
=2 ð12Þ

and

~T T maxð~xÞ ¼
T ðxÞ � T 0

q00l3=K0

¼ 4ð1� ð1� ~xÞ3=2Þ=9 ð13Þ

where subscript Tmax denotes that the optimization objec-
tive is to minimize the highest temperature.

2.3. Minimization of the dissipation of heat transport

potential capacity

For the planar plate exchanger, the DHTPC can be
expressed as

f ðkÞ ¼ ðq
00Þ2

2

Z l

0

ðl� xÞ2

k
dx ð14Þ

where the DHTPC is considered to be an optimization
objective function, the optimal thermal conductivity field
should obey the following necessary conditions:

Z l

0

�ðq
00Þ2ðl� xÞ2

2k2ðxÞ
þ k

" #
dkðxÞdx ¼ 0;

Z l

0

kdx ¼ K0

ð15Þ
The thermal conductivity field can be obtained by solving
Eq. (15), which is

kdisðxÞ ¼
2K0

l2
ðl� xÞ ð16Þ

and the corresponding temperature distribution is

T disðxÞ ¼ T 0 þ
q00l2

2K0

x ð17Þ

The dimensionless thermal conductivity field and the tem-
perature distribution are

~kdisð~xÞ ¼
kðxÞ

K0=ðlÞ
¼ 2ð1� ~xÞ ð18Þ

and

~T disð~xÞ ¼
T ðxÞ � T 0

q00l3=K0

¼ ~x=2 ð19Þ

where subscript dis denotes that the optimization objective
is to minimize the DHTPC.

2.4. Comparisons of two different optimization models

The dimensionless thermal conductivity fields and the
corresponding dimensionless temperature distributions
from the two different optimization models are shown in
Fig. 2. To facilitate comparisons, the temperature distribu-
tion with uniformly distributed thermal conductivity
(denoted by ‘av’) is analyzed, which can be expressed as

T av ¼ T 0 þ
Z x

0

rT dx ¼ T 0 þ
q00lðlx� x2=2Þ

K0

ð20Þ

and the corresponding dimensionless temperature distribu-
tion is

~T av ¼ ~x� ~x2=2 ð21Þ
which is also plotted in Fig. 2. It can be found that the tem-
perature distribution from the model with an objective
function of the DHTPC has an obvious reduction in the
internal exchanger when compared with the temperature
field from the model with a uniform thermal conductivity
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field. However, these two models give the same highest
temperature. In addition, when compared with the model
with an objective function of the highest temperature, large
differences in the thermal conductivity field can be found
and the highest temperature increases by 12.5%, which
indicates that the optimization model with an objective
function of the DHTPC sometimes cannot fulfill the pres-
ent design goal. Thus, it is necessary to propose new ther-
mal performance indexes for the optimization model.

3. Optimization model based on the geometric average

temperature

3.1. Objective function and optimization model

As mentioned above, the optimal design by the optimi-
zation model with the DHTPC as an objective function
sometimes introduces large errors compared with the pres-
ent design goal. Furthermore since the highest temperature
is a discontinuous function of the design variables, direct
optimization of it will bring numerical difficulties. To
achieve a good tradeoff between the optimization perfor-
mance and numerical cost, a new thermal performance
index called the geometric average temperature T geoav is
proposed, which can be expressed as

T geoav ¼
1

jXj

Z
X
ðT ðxÞÞndxÞ

� �1=n

; x 2 X ð22Þ

where jXj denotes the area (or volume) over the design re-
gion. Theoretically, the geometric average temperature is
close to the highest temperature when n is infinitely large,
i.e. T geoav !

n!1
T max: Thus, the geometric average tempera-

ture is an appropriate approximation of the highest tem-
perature. The new heat conduction optimization model
can be written as

Find : X ¼ kðxÞ; x 2 X

min : T geoavðX Þ ¼
1

jXj

Z
X
ðT ðxÞÞndxÞ

� �1=n

s:t: :

Z
X

kdX ¼ K0; K0 ¼ const

ð23Þ

Here, the finite element method is used to solve the optimi-
zation problem. Suppose that the material is uniformly dis-
tributed and has the same conductivity in each element,
then the distribution of the material can be described by
different thermal conductivities in each element mesh,
which can be expressed by the finite element method

kðxÞ ¼ ke; x 2 Xe; e ¼ 1; 2; � � � ;Ne ð24Þ

where ke ðe ¼ 1; 2; � � � ;NeÞ denotes the thermal conductiv-
ity of the e-th element, Xe 2 X the region of the e-th ele-
ment and Ne the total number of elements. Then, the
temperature and its n power in an element can be written as

T ðxÞ ¼ ½NðxÞ�f�T g T nðxÞ ¼ ½NðxÞ�f�T ng ð25Þ

f�Tg ¼ ðT 1; T 2; � � � ; T NpÞT;
f�T ng ¼ ½ðT 1Þn; ðT 2Þn; � � � ; ðT NpÞnÞT ð26Þ

where f�Tg and f�T ng denote the temperature vector of
nodes and the corresponding n power, respectively.
T n ðn ¼ 1; 2; � � �NpÞ is the temperature of the n-th node,
Np is the total number of nodes and ½NðxÞ� is the shape
function matrix. The node temperature can be solved by
the following governing equation:

½K�f�Tg ¼ fQg ð27Þ

Here, fQg is the thermal flux vector and ½K� is the thermal
conductivity matrix which can be assembled by the element
thermal conductivity matrix

½K� ¼
XNe

e¼1

½Ke�; ½Ke� ¼ ke½K0
e � ð28Þ

where ½K0
e � is the e-th element thermal conductivity matrix

with a unit thermal conductivity.
The geometric average temperature can be rewritten as

T geoav ¼ ½B�f�T ngð Þ1=n
; ½B� ¼ 1

jXj

Z
X
½NðxÞ�dx ð29Þ

Therefore, the heat conduction optimization problem can
be expressed as

Find : X ¼ ðk1; k2; � � � kNeÞT

min : T geoavðXÞ ¼ ð½B�f�T ngÞ1=n

s:t: :
XNe

e¼1

keV e ¼ K0; V e ¼ jXej
ð30Þ

The feasible direction method was employed to find the
optimal solution. The sensitivity of the objective function
(the geometric average temperature) can be expressed as

Fig. 2. Comparisons of thermal conductivity fields and temperature
distributions from different optimization models. av: the uniform conduc-
tivity field; dis: the dissipation of heat transport potential capacity; Tmax:
the highest temperature.
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@T geoav

@ke
¼ 1

n
½B�f�T ngð Þ�ðn�1Þ=n½B� @

@ke
f�T ng ð31Þ

where

@

@ke
f�T ng ¼ diagðnT ðn�1Þ

1 ; nT ðn�1Þ
2 ; � � � ; nT ðn�1Þ

Np Þ @�T
@ke

� �

ð32Þ
and

@�T
@ke

� �
¼ �½K��1ð @

@ke
½K�Þf�T g ¼ �½K��1½K0

e �f�Tg ð33Þ

3.2. Results and discussion

The planar plate exchanger is analyzed again by the new
optimization model (23), in which the one-dimensional
heat conduction element with two the nodes was used to
mesh the design domain and the feasible direction method
was employed to find the optimal solution. The obtained
thermal conductivity field (material distribution) and the
corresponding temperature distribution are shown in
Fig. 3. To facilitate comparisons, the solutions of the opti-
mization models with the DHPC and the highest tempera-
ture as objective functions are also shown in Fig. 3. It can
be seen that the thermal conductivity field and the temper-
ature distribution are close to the present design goal (the
solution of minimizing the highest temperature) when the
power index n is larger than 16. Thus, the geometric aver-
age temperature is an ideal thermal performance index.
The new optimization model with the geometric average
temperature as the objective function is a more accurate
description for the design goal than that with the DHTPC
as the objective function. The results obtained from the
convectional optimization model with the DHTPC as the
objective function is equal to that from the new optimiza-
tion model when the power index n is 1. With the increasing
of power index n, the thermal conductivity field and the
temperature field obtained by the new model is rapidly

close to the ideal design. The change of the corresponding
highest temperature with the increasing power index n is
shown in Fig. 4. Since the approximate level tends to stabi-
lize with the increasing power index n, an appropriate value
is required to select for the power index n in a practical
optimization process.

4. Conclusions

In this paper, we have discussed how to minimize the
highest temperature of a heat conduction structure by
designing the material distribution with a specified material
volume (conductivity ability). The large error sometimes
occurs between the results by the usual optimization model
with an objective function of the DHTPC and the theoret-
ical optimal design. A geometric average temperature has
been proposed, which is a better thermal performance
index as the objective function. The solution of the new
model with the geometric average temperature as the objec-
tive function is close to the theoretical optimal solution.
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